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An approximate analytical solution is obtained for the problem of the condensation of pure 
saturated vapors ,  with considerat ion given to the interphase res is tance  for cer tain special  
cases .  The resul ts  are  compared with experimental  data. 

The c lass ica l  Nussel t  [1] solution for the f i lm-condensation problem was subsequently refined by 
severa l  authors [2-6]. 

The condensate tempera ture  at the vapo r - l i qu id  interface was assumed to be equal to the vapor - sa tu -  
ration tempera ture  in all of the above-ci ted re ferences .  

However, we know [13, 14] that on condensation of the vapors  of any liquid the condensate surface is 
supercooled,  i.e., the t empera tu re  difference between the saturated vapor and the condensate at the phase 
separat ion boundary is not zero.  This t empera ture  difference ref lects  the existence of interphase r e s i s -  
tance, which becomes par t icu lar ly  pronounced in the case of the vapor condensation of liquid metals  [7-9]. 

Reference [15] descr ibes  a simple graphoanalytical  method of determining the tempera ture  jump at 
the boundary of phase separation.  The method of integral  relat ionships was used in [9] to undertake a theo- 
ret ical  investigation of the condensation of l iquid-metal  vapors.  A solution was achieved in [10] for the 
problem of wa te r -vapor  condensation at low p re s su re s ;  however, as demonstra ted in [11], an incor rec t  
boundary condition was used to account for the interphase res i s tance .  

The purpose of this paper  is to dervie an analytical solution for the f i lm-condensation problem as it 
pertains to saturated vapors  and a ver t ical  wall, without r e so r t  to the method of integral relat ionships.  

Below we examine cases  of vapor condensation, p r imar i ly  at low p res su res .  The simplifications 
associa ted with neglect of the inert ial  forces and the supercooling resul t ing f rom convection are  completely 
valid in this case. The problem of the condensation of a pure nonmoving saturated vapor on a ver t ical  wall, 
with considerat ion of the interphase res is tance ,  reduces to the following boundary-value problem (we neglect 
the effect of the shear ing s t r e s se s  at the boundary of phase separation):  

0~u 
v -- g, (1) ag' 

O~T 
- -  O; ( 2 )  

ay ~ 

1) at the l iqu id-wal l  interface (y = O) 

u = 0 ,  T = T ~ ;  (3) 

2) at the v a p o r - l i q u i d  interface (y = 6(x)) 

c3u 
= 0 ,  (4) 

0y 
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where  

T A B L E  1. T h e o r e t i c a l  Data on the Condensa t ion  of Wa te r  Vapor  

for  T ~ - T  w = 10 ~ 

p ,  N / m  2 T~  , o K 6Nu.10-4 Ill o" 6.10 -4 1TI To-- ro~, ~ -A-A' .1o-, m 

101300 

:13300 

1330 

373,16 

324,74 

284,4 

0,774 

0,891 

1,063 

1 

0,04 

1 
0,04 

1 
0,04 

0,774 

0,767 

0,891 
0,859 

1,059 

I0 
9, 72 

I0 
8,95 

9,89 

OT 
pzL = ~ , - - ,  

ay 

pz 
2~ ( Po 

V 2W o v2 --yr2-  

0,00059 

0,029 

0,0026 
0,129 

0,016 

0,77 

(5) 

(6) 

z = 

6 

d I u @ ,  
dx 

(7) 

Equat ions  (1) and (2) with boundary  condi t ions  (3)-(5) have so lu t ions  of the f o r m  

u =  - - g  y - -  , 

T = T~ + P---zLL---- y. 

A c c o r d i n g  to (7) and (8), fo r  z we have 

Z =  

(8) 

(9) 

g ~ d6 _ g d (6~)" (10) 
v dx 3v dx 

We have to use the r e m a i n i n g  b o u n d a r y  condi t ion (6) to d e t e r m i n e  5(x). Here  we have to d is t inguish  
two c a s e s  (I and II). 

I. The t e m p e r a t u r e  d i f fe rence  T O - T w a c r o s s  the condensa te  f i lm is sma l l  ( severa l  degrees ) .  This  
is the ease  in the condensa t ion  of l i qu i d -m e ta l  vapor s  at  low p r e s s u r e s .  The p r e s s u r e  P0 in (6) can then be 
e x p r e s s e d  in t e r m s  of the known quant i ty  Pc~ (the s a tu ra t i on  p r e s s u r e ,  which c o r r e s p o n d s  to the wall  t e m -  
p e r a t u r e  Tc~), l i n e a r i z i n g  the fo rmula  for  the s a t u r a t e d - v a p o r  p r e s s u r e  at the s e g m e n t  T o -To0.  

Having r e w r i t t e n  (6) to the f o r m  [12] 

9"~ ' [ ] 9z -- (Po - -  P~) + p~ (T --To) 
2 - , ,  V2 --g o 2to ' 

a f t e r  l i nea r i za t i on  we have 

ro = r .  + 7 2  E- 

and us ing (10), we de r ive  the equat ion for  the de t e rmina t ion  of the f i lm 

R ~  P .  T 2--c~ RT~PgV2aRT~o d (63) = 3 - -  - - p ~  . (12) 
rJ 6p~Lv dx ~ L  "-if- 

Having subs t i tu ted  (11) into (9), 
t h i ckness  5 (x) 

Lpg d (6~) + 
4vK dx 

Using the notat ion 
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T A B L E  2. 
the  C o n d e n s a t i o n  of M e r c u r y  

"8 ~$ 8 

186,2 357,201405.40 
1117,2 439,66 451,73 
2261 457,36 472,49 

C o m p a r i s o n  of T h e o r e t i c a l  and E x p e r i m e n t a l  Data  on 

.o 

1,419 .0,522 
0,996 0,535 
1,054 0,377 

o,516 
0,5301") 
O, 365 

I 

0,49 
1,20 
l, 79 

I 

0,39 176,2 
0,89 7,565 
1,28 7,411 

1093221 0,424 
227250 0,523 
314010 0,580 

28,08 
5,29 
7,64 

*Given the same pressure p ,  the temperature T is given somewhat lower here 
than in [8], since for the case described in that reference the vapor in the condensation 
chamber was slightly superheated. 
"~A value of 0.503 is given in [8], but calculations with the corresponding formula 
yield 0.530. 

we w r i t e  (12) in  the  f o r m  

a = L p g  

4v~, 

2 2 --~r RT,~ Pg ~" 2 n R T o  
A - -  

o 6p~Lv (13) 

64 + ~ 68 B = - -  x. (14) a a 

We can d e m o n s t r a t e  tha t  fo r  t e m p e r a t u r e  d i f f e r e n c e s  Too - Too tha t  a r e  not  too s m a l l  (see  Sec t ion  III) 
in the  e a s e  of s o m e  f ixed  va lue  of x we have  i n e q u a l i t y  

A ) )6~ (____~  )1/3. 
a ~ x (15) 

C o n s i d e r i n g  (15), and us ing  the s m a l l - p a r a m e t e r  me thod ,  we find a so lu t i on  fo r  (14) in the  f o r m  of 
the  s e r i e s  

= - -  a ~ ( - ~ ) ~ / 3 x ' / 3 +  a S - - . . .  

It shou ld  be no ted  tha t  the  f i Im t h i c k n e s s  (5 0 in the  z e r o t h  a p p r o x i m a t i o n ,  a c c o r d i n g  to (16), i s  p r o p o r t i o n a l  
to x i / a ,  w h e r e a s  a c c o r d i n g  to the N u s s e l t  t h e o r y  5Nu ~ x17 4. 

Us ing  (10) and (16), we can  find the h e a t - f l u x  d e n s i t y  q at  the wa l l ,  a e e o r d i n g  to (5), and f r o m  (9) we 
can  f ind the l iqu id  t e m p e r a t u r e  T O a t  the  p h a s e  i n t e r f a c e .  

If (15) is  not  s a t i s f i e d ,  i . e . ,  both t e r m s  in the  l e f t - h a n d  m e m b e r  of (14) a r e  of the s a m e  o r d e r ,  we 
have  to s o l v e  (14) by a n o t h e r  m e t h o d  to d e t e r m i n e  5(x). 

II.  L e t  us a s s u m e  tha t  the i n t e r p h a s e  r e s i s t a n c e  i s  smal lo  As  d e m o n s t r a t e d  by  e x p e r i m e n t  and t h e e -  
r e t i e a l  c a l c u l a t i o n ,  t h i s  i s  the e a s e  wi th  w a t e r - v a p o r  c o n d e n s a t i o n ,  whi l e  when the s a t u r a t i o n  p r e s s u r e  i s  
c l o s e  to the  a t m o s p h e r i c ,  t h i s  i s  a l s o  the  e a s e  fo r  the  l i q u i d - m e t a l  v a p o r s .  The p r e s s u r e  P0 can  thus  be 
e x p r e s s e d  in t e r m s  of the  known p r e s s u r e  poe, l i n e a r i z i n g  the f o r m u l a  fo r  the  p r e s s u r e  of the s a t u r a t e d  
v a p o r  at  the s e g m e n t  T ~  - T 0. 

In th i s  e a s e  we find a so lu t i on  fo r  the s l i g h t l y  c o m p l i c a t e d  p r o b l e m  of s a t u r a t e d - v a p o r  c o n d e n s a t i o n  
on a v e r t i c a l  s u r f a c e .  We know [13] tha t  in the  c oo l i ng  of the  wa l l  i t s  s u r f a c e  t e m p e r a t u r e  does  not  r e m a i n  
cons t an t ,  s i n c e  the  c o o l i n g  l iqu id  is  h e a t e d  d u r i n g  the flow. We can  a e e oun t  fo r  the t h e r m a l  r e s i s t a n c e  of a 
r a t h e r  th in  wa l l  by  t r e a t i n g  the t e m p e r a t u r e  T* of i t s  o u t s i d e  s u r f a c e  as  a funct ion of the  c o o r d i n a t e  x. 

The s y s t e m  of equa t ions  for  th i s  c o n j u g a e y  p r o b l e m  i n v o l v e s  the  e q u a t i o n s  of mo t ion  (1) and e n e r g y  
(2) in the  l iqu id  f i lm,  a s  we l l  a s  the h e a t - c o n d u c t i o n  equa t ions  fo r  the  wa l l  a t  which  the c o n d e n s a t i o n  i s  t a k -  
ing p l ace .  Since the  wa l l  is  r a t h e r  thin (h << x),  the  t e m p e r a t u r e  d i s t r i b u t i o n  wi th in  the  wa l l  and wi th in  the  
l iqu id  f i lm  is  sough t  in the  f o r m  of a funct ion tha t  i s  l i n e a r  wi th  r e s p e c t  to y: 

T~ = b (x) + c (x) v, 

T = d(x) + e(x)V. 
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Condi t ion  (6) i s  now w r i t t e n  in the  f o r m  

T m - - T  0 ~ - -  

At  the l i q u i d - w a l l  i n t e r f a c e  (y = O) 

T ~ T  i, 

At  the  ou t s i de  wa l l  s u r f a c e  (y = - h )  

2 --- (~ pRT~ V' 2z~RT= 

2~ p L 

~, OT Li OTl 

Oq Ou 

T l = T* (x). 

Cond i t ions  (5), (18), and (19) a r e  used  to d e t e r m i n e  the  func t ions  b(x),  c(x),  d(x),  and e(x).  

(17) 

(18) 

(19) 

Subs t i t u t i ng  (17) into (9), we find the equa t ion  for  5(x) 

d ~ ( 6 4 ) + ( @ d x  + D 

H e r e  a i s  c a l c u l a t e d  f r o m  (13), i . e . ,  

Ai = m 

Since  a and A 1 a r e  c o n s t a n t s ,  we have  

64 + ( Aia 

d - - T *  -~x (63) = r ~  (x). 

2 - -  (r RT~pg V2-~RT| 
(~ 6 p L y  

4~h 
D = - -  

3L, 

+D) 63= 1 j a 
0 

(T~ - -  T*) dx. (20) 

Unl ike  (14), in (20) the  c o e f f i c i e n t  fo r  53 is  m a d e  up of two t e r m s ,  one of which  (A1/a)  r e f l e c t s  the  
e x i s t e n c e  of i n t e r p h a s e  r e s i s t a n c e ,  whi le  the o t h e r  03) r e f l e c t s  the t h e r m a l  r e s i s t a n c e  of the wal l .  

N e g l e c t i n g  the wa l l  r e s i s t a n c e  03 = 0, T* = T w = cons t ) ,  we find (20) in the f o r m  

6 ' +  A i  6 3 =  B l  x, (21) 
a ct 

w h e r e  B 1 = T o o - T  w. 

x) 
We can  d e m o n s t r a t e  (Sect ion III) tha t  in a n u m b e r  of c a s e s  we have  the  i n e q u a l i t y  (for a f ixed  va lue  of 

Ai < < 5 ~  x 
a 

Then,  u s ing  the s m a l l - p a r a m e t e r  me thod ,  we find the s o l u t i o n  fo r  (21) in the  f o r m  of the  s e r i e s  

6 =_ 60 ( 1 A, 3A, ) 
4a60 ~- 32a~6~ . . . .  (23) 

whe re  

Consequen t ly ,  the  z e r o t h  a p p r o x i m a t i o n  fo r  5(x) in th i s  e a s e  in the  c l a s s i c a l  N u s s e l t  so lu t ion .  

If (22) is  not s a t i s f i e d ,  we m u s t  Solve (21) in a n o t h e r  way  to d e t e r m i n e  6(x). 

It shou ld  be po in t ed  out  t ha t  even  fo r  the  c o n d e n s a t i o n  of w a t e r  v a p o r ,  to d e t e r m i n e  the f i l m  t h i c k n e s s  
we a r e  not  a l w a y s  ab l e  to  l i m i t  o u r s e l v e s  to the  z e r o t h  a p p r o x i m a t i o n .  We s e e  f r o m  T a b l e  1 tha t  if the  
c o n d e n s a t i o n  f a c t o r  cr = 0.04, even  fo r  P~o = 100 m m  Hg we shou ld  t ake  into c o n s i d e r a t i o n  the s e c o n d  t e r m  
in (23). M o r e o v e r ,  when (r = 0.04 and p~  = 10 m m  Hg i n e q u a l i t y  (22) is  not  s a t i s f i e d ,  i . e . ,  both  t e r m s  in the  
l e f t - h a n d  m e m b e r  of (21) a r e  c o m m e n s u r a t e  and the s o l u t i o n  of (23) is  not  r e t i a b l e .  

I t  shou ld  be po in t ed  out  t ha t  the t e m p e r a t u r e  j u m p  a t  the  i n t e r f a c e ,  c a l c u l a t e d  f r o m  (16), is  a weak  
funct ion  of the  c o n d e n s a t i o n  f a c t o r  ~ ,  s i n c e  the  quan t i t y  z in z e r o t h  a p p r o x i m a t i o n  i s  i n v e r s e l y  p r o p o r -  
t i ona l  to A. H o w e v e r ,  when the  j u m p  i s  c a l c u l a t e d  f r o m  (23), i t s  va lue  in z e r o t h  a p p r o x i m a t i o n  is  p r o p o r -  
t i ona l  to ( 2 -  ~ ) / m  
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Le t  us r e t u r n  to  (20), a s s u m i n g  D r 0 and T* = T*(x). F o r  m e r c u r y - v a p o r  c o n d e n s a t i o n ,  e .g . ,  on a 
n i cke l  s u r f a c e  the  c o e f f i c i e n t  D i s  on the o r d e r  of 10 -3 m (h ~ 10 -2 m).  Even  for  a v a p o r  p r e s s u r e  p~ c l o s e  
to  the  a t m o s p h e r i c ,  when A i / a  ~ 6 ~ 10 -4 m (the i n t e r p h a s e  i s  s u b s t a n t i a l l y  s m a l l e r  than  the wa l l  r e s i s -  
t ance ) ,  i n s t e a d  of (23) we shou ld  t h e r e f o r e  use  (16), r e p l a c i n g  A / a  in the  l a t t e r  by  D + A/a ,  and r e p l a c i n g  

B by B~(x) = / (Too - T*)dx.  
0 

This  m e a n s  tha t  we can  d r a w  the c o n c l u s i o n  to the  e f f ec t  tha t  c o n s i d e r a t i o n  of the  t h e r m a l  r e s i s t a n c e  
of the  wa l l  s o m e w h a t  e x p a n d s  the  l i m i t s  of a p p l i c a b i l i t y  fo r  a so lu t i on  such  as  (16), a s  d e s c r i b e d  in the  p r e -  
v ious  s e c t i o n .  

In the  c a s e  of w a t e r  v a p o r ,  when D is  on the  o r d e r  of 10-5-10 -4 In (h ~ 1 0  - 2  m ) ,  unl ike  the N u s s e l t  
e x p r e s s i o n  (which for  D = 0 y i e l d s  good a c c u r a c y )  we f ind the so lu t i on  e i t h e r  in the  f o r m  of a s e r i e s  a s  in 
(23) ( r e p l a c i n g  A l / a  by A~/a + D), o r  by  n u m e r i c a l  so lu t i on  of (21). 

We can  e x a m i n e  the  b o u n d a r y - v a l u e  p r o b l e m  in which,  in the p l a c e  of the  b o u n d a r y  cond i t ion  T l y =  0 
= T w we use the  cond i t i on  

7. a_~_av ~ 0  = q~ (x). 

B e a r i n g  in  mind  (10), we d e r i v e  the equa t ion  fo r  6(x) 
x 

a3 _ 3v ( '  q~o(x) dx. 
Lpg d 

0 

III. In T a b l e  2 the  e x p e r i m e n t a l  da t a  [8] on m e r c u r y - v a p o r  c o n d e n s a t i o n  a r e  c o m p a r e d  with the  t h e o -  
r e t i c a l  da t a  d e r i v e d  h e r e .  The  t h e o r e t i c a l  v a l u e s  have  been  found on the b a s i s  of (16) fo r  5(x), and th i s  f o r -  
mu la  i s  a p p l i c a b l e  to a l l  the  c a s e s  c o n s i d e r e d  in [8], s i n c e  the  t e m p e r a t u r e  d i f f e r e n c e  T 0 -  T~o a c r o s s  the  
f i l m  does  not  e x c e e d  3 ~ and we have  i n e q u a l i t y  (15). In c a l c u l a t i n g  5(x) we use the  two f i r s t  t e r m s  in (16). 
The h e a t - f l u x  d e n s i t y  q, c a l c u l a t e d  wi th  c o n s i d e r a t i o n  of the z e r o t h  a p p r o x i m a t i o n  e x c l u s i v e l y ,  i s  c o m p a r e d  
with  the  e x p e r i m e n t a l  qexp [8]. As  a r e s u l t ,  we find the z e r o t h  a p p r o x i m a t i o n  for  the  c o n d e n s a t i o n  f a c t o r  

i f0 : 

% 
qexP= q 2 - -  % 

w h e r e  ql  i s  the va lue  of the  hea t  flow c a l c u l a t e d  fo r  a = 1. 

Since  a i s  found in each  t e r m  of (16), to r e f i n e  a we e m p l o y  an i t e r a t i o n  p r o c e s s  (2-3 i t e r a t i o n s ) .  We 
s e e  f r o m  T a b l e  2 tha t  the  t h e o r e t i c a l  v a l u e s  a r e  in good a g r e e m e n t  wi th  the  e x p e r i m e n t a l .  The found v a l u e s  
fo r  the  f i lm  t h i c k n e s s  5 a r e  wi th in  the  l i m i t s  the e x p e r i m e n t a l  v a l u e s  of [8]. 

M o r e o v e r ,  the  t ab l e  g i v e s  the  r e s u l t s  d e r i v e d  f r o m  the N u s s e l t  t h e o r y  (24), i . e . ,  wi thout  c o n s i d e r a t i o n  
of the  i n t e r p h a s e  r e s i s t a n c e .  We s e e  e a s i l y  tha t  the  v a l u e s  of the h e a t - t r a n s f e r  c o e f f i c i e n t  ~Nu,  c a l c u l a t e d  
on the b a s i s  of N u s s e l t  t h e o r y ,  a r e  c o n s i d e r a b l y  g r e a t e r  than  the m e a s u r e d  v a l u e s  (or t h o s e  found h e r e  wi th  c o n -  
s i d e r a t i o n  of the  i n t e r p h a s e  r e s i s t a n c e ) .  

T a b l e  1 shows  the t h e o r e t i c a l  da t a  on the c o n d e n s a t i o n  of w a t e r  v a p o r  fo r  two v a l u e s  of the c o n d e n s a -  
t ion  f a c t o r :  ~ = 1 and ~ = 0.04. The  c a l c u l a t i o n s  w e r e  c a r r i e d  out  on the  b a s i s  of (23). T h e s e  da ta  a r e  
c o m p a r e d  wi th  the  c o r r e s p o n d i n g  v a l u e s ,  c a l c u l a t e d  on the b a s i s  of N u s s e l t  t h e o r y .  

p ~  and P0 
x and y 
U 

p 
v and 
L 

NOTATION 

a r e ,  r e s p e c t i v e l y ,  the  s a t u r a t e d - v a p o r  p r e s s u r e s  c o r r e s p o n d i n g  to Too and To; 
a r e  the  c o o r d i n a t e s ,  r e s p e c t i v e l y ,  a long  the wa l l  and a long  the n o r m a l  to the  wal l ;  
i s  the  v e l o c i t y  c o m p o n e n t  in the  d i r e c t i o n  of the  wai l ;  
i s  the  l iqu id  d e n s i t y ;  
a r e ,  r e s p e c t i v e l y ,  the  c o e f f i c i e n t s  of k i n e m a t i c  v i s c o s i t y  and t h e r m a l  c o n d u c t i v i t y  for  the  l iquid;  
i s  the l a t e n t  hea t  of  v a p o r  c o n d e n s a t i o n ;  
is  the  c o n d e n s a t i o n  f a c t o r .  
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S u b s c r i p t s  

o% O,and 1 p e r t a i n ,  r e spec t ive ly ,  to the p a r a m e t e r s  in the vapor ,  in the liquid at the v a p o r - l i q u i d  
in ter face ,  and in the wall .  
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